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Abstract-Efficient beams on two-parameter elastic foundation finite elements have recently been
developed. The stiffness matri:ll and nodal load vector of these elements have been derived on the
basis of the C:IIact displacement function obtained from the solution of the governing differential
equation. Most of the e:llisting elements are. however. either limit~-d to certain combinations of beam
and foundation pardmeters. or provide only the solution of the homogeneous form of the governing
equation. In this paper a new finite element is derived which eliminates these limitations. The
stiffness matn:ll. nodal load vector and shape fum:tion of the clement arc derived using the differential
equation of a beam on a two-parameter clastic foundation. The comfllete solution of the equation
corresponding to the most common types of load is also presented. This permits the determination
of the den~"Ctions and internal forces anywhere along a simple or continuous beam on two-parameter
foundations.

NOTATION

The following symlx,ls arc used in this paper:

II defined by eqn (290
A, -A. constants of integr;llion
{Ill matri:ll containing A ,-A.
" defined by eqn (2%)
B width of beam
c delined by eqn (29h)
c, c. constants of integration
d defined by ~'qn (29g)
D,. D I beam clement end displ'lcement
D:. D. beam clement end rot;ltion
{D} matri:ll containing degr~'Cs of fr~'Cdoll1 (), ().
e base of natumllogarithm
E beam clement clastic modulus
IE} matri:ll rel.lling displacements : D: to const'lOts (A:
E, Young's modulus of foundation
{F} matri:ll of beam end forces and moments
IG} inverse ofmatri:ll IE}
IfI} matri:ll relating constants {A: to end forces {F:
I beam element moment of inertia
k lirst pammeter of clastic found'ltion or Winkler foundation modulus
k, second parameter of clastic foundation
k,/ elements of stiffness matri:ll
kG a parameter of the shear layer
k" reaction moment per unit length per unit rotation
L beam clement length
m, n coefficients of linear function defining the particul'lr solution of eqn (I)
m(.t) applied distributed moment
M(x) bending momcnt at a !K."Ction a dist'lnce x from the beam end
M o applied concentrated moment
{N} matri:ll of e)(act shape functions of beam clement
IP} matrix of equivalent nodal loads
p(x) clastic foundation pressure
Po applied concentrated load
q(x) applied distributed load
Q axial load
r cosh '%L
R coshpL
R, sinp,L
IS) beam element stiffness matri:ll
I sinh '%L
T sinh pL
T... constant tension in an elastic membrane conn~"Cting top ends of springs
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sinh p, L
coefficients of linear function defining q(x)

generalized vertical shear at a section a distance x from the beam end
generalized normal shear at a section a distance x from the beam end
beam lateral displacement
defined by eqn (~9a)

fn:e end vertical displacement
solUlion of homogeneous form of eqn (I)

particular solution of eqn ( I )
beam displacement due tI' nodal displacements and rotations
displacement due to applied loads in a fixed-end beam
distance along the beam a,\is
distance from the beam end to where q(x) begins
distance from the beam end to where q(x) ends
defined by eqn (~9b)

delined by eqn (~9c)

defined by eqn (~9dl

Jii,~~·~

JJj'~-4k"~1
7-{1

{1'1'-z'T'
{I

(/Ii'l: ;,:X: Ti)

PIliss,lII'S ratio of foundati,'n
conslant cXl'rl'ssing r;llc al which vertical deformation of foundation lkcays with depth
:x ~ II
7' ~ {I:
~:x{1

II' + .h:II
:x' + 3:x{I'
7' -II;
~:x{I,

-II,' + 37'II,
:x'-,h/l;
k, > .... 4kEI
cosh :xx cosh Ilx
cosh :xx sinh IIx
sinh :xx cosh IIx
sinh :xx sinh IIx
k,<,'4kEI
cosh :xx cos {I, x
cosh :xx sin Il,x
sinh :xx cos 11,.1'
sinh :xx sin {I, x.

INTRODUCTIO:-':

Recently. beams on two-parameter eI<lstic found<ltion have received considerable attention
(Zh<lohua and Cook. 1986; Eisenberger <lnd Clastornik. 1987; Chiwanga and Valsangkar,
1988; Valsangkar and Pradhanang. 1988; Karmanlidis and Prakash. 1989). Zhaohua and
Cook (1986) discussed the dilTerent types of elastic foundation models and developed the
stiffness m<ltrix and nodal lo'ld vector of a beam on a two-parameter elastic foundation
finite element. The two-parameter foundations that this element can model include the
Filonenko-Borodich. Pasternak. Generalized. Vlasov and Winkler models. They derived
the stiffness matrix of the element in two ways: first. based on the eubic displacement
function used for ordinary beams without elastic foundation; secondly, based on the exact
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displacement function obtained from the solution of the differential equation governing the
behavior of beams on two-parameter foundations. They concluded that while in some cases
80 elements of the type based on the cubic function may be needed to obtain the converged
solution of the problem. the same problem can be solved using one or two elements of the
kind based on the exact displacement function. Hence. the use of the latter element leads
to a noticeable amount of saving in computer resources and human effort when solving
problems of beams on two-parameter elastic foundations.

Unfortunately. their solution was limited to certain combinations of beam and foun­
dation stiffnesses. Chiwanga and Valsangkar (1988) developed a beam element on a two­
parameter elastic foundation and gave its nodal load vector. but their solution was also
limited by the same constraint. Eisenberger and Clastornik (1987) solved the problem of a
beam on a variable two-parameter elastic foundation and obtained the solution of the
governing differential equation by means of an infinite polynomial series. Their solution is
again primarily concerned with the homogenous form of the equation. The accuracy of this
solution naturally depends upon the number of terms used in the series. Although some
guidelines are provided with respect to the choice of this number (the authors used 80-110
terms to obtain the converged solution for a cantilever beam loaded at its tip). the required
number of terms will obviously be dependent lIpon the beam loading and boundary
conditions. Furthermore. in the case of constant foundation parameters. a non-series exact
solution is simpler because it will have only four trigonometric or hyperbolic terms for the
homogeneous part plus two to three terms for the particular solution corresponding to
most common types of loads. Valsangkar and Pradhanang (19R8) provided the well-known
solution for the homogeneous form of the dillerential equation governing the dynamic
behaviour of beam-columns on a two-parameter foundation for different foundation par­
ameters and stiffness combinations. They did not. however. present any stiffness matrices
or the complete solution of the problem for the nonhomogeneous form of the elJu~ltion

corresponding to the usual load comhinations. Karmanlidis and Prakash (1989) gave
transfer and stifl'ness matrices for all the possihle cases of heam-columns on a two-parameter
clastic foundation but did not discuss the procedures for ohtaining the elJuivalent joint
Imlds. the particular solution of the prohlem. or the methods for eakulating the linal
displacements. shearing fon;es and bending moments. These procedures arc necessary to
obtain a complete solution of the problem.

In this paper, a beam clement is presented which permits the solution of beams on any
type of constant two-parameter clastic foundation. The explicit form, completeness and
simplicity of the present solution arc its principal advantages. The stiffness matrix, shape
functions and nodal load vector corresponding to the most important types of loads are
given in explieit form. The complete solution of the governing differential equation is
presented in a form which can easily be implemented in the ordinary frame analysis
computer programs based on the stiffness method. The authors believe that provision of
stiffness matrices alone. as in most of the references cited earlier. often docs not provide
the necessary information in a form which would permit the user to exploit. without
extensive effort. the advantages of an exact displacement function versus a solution based
on cubic polynomial shape functions. The reason for this is th<lt exaet still'ness matrices
should be accompanied by the exact nodal load vector and the exact particular solution
corresponding to practical loading cases in order to realize the above <ldvantages. Fin~llIy,

it should be stated that this paper is not intended to cover the problem of beam-columns
on elastic foundations. as presented by K<lrmanlidis and Pr<lkash (1989). although the
procedure presented here can be extended. in conjunction with the solution presented by
the above authors. to deal with the problem of beam-columns on an elastic foundation.

GOVERNING DIFFERENTIAL EQUATION

The equation governing the behavior of beams on a two-parameter elastic foundation
is given by
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q(x'

"E--tT-----,-
Elastic Foundation

Fig. I. Typical beam on two-parameter elastic foundation.

(1)

where I\" is the displacement function. E/ is the beam flexural rigidity. q(x) is the applied
loading function. k is the first foundation parameter. usually referred to as the Winkler
foundation modulus. and k I is the second foundation parameter which has different defi­
nitions. depending on the two-parameter foundation model being utilized; see Fig. I. For
the most common types of foundation models. k , is given as follows.

Filofleflko-Boroc/ich ./iJlIflc/atiof/

(2a)

where Tm = constant tension in an elastic membrane connecting the top ends of Winkler­
type springs.

Pasternak j(JIIf/c/atiof/

(2b)

where k(i = a parameter of the shear layer.
This model is based on the assumption that there is shear interuetion between the

springs. and the top ends of the springs arc connected to an incompressible layer which
resists only transverse shear deformations.

Getlerali:ed JiJ/mdtllioll

k , =ko (2c)

where ko = reaction moment per unit length per unit rotation.
This model assumes that at the point of contact between beam and foundation there

is not only pressure but also moments. These moments arc assumed to be proportional to
the angle of rotation and the second parameter is the constant of proportionality.

Vlasm' /olllulatiof/
Here the foundation is treated as a semi-inl1nitc medium and simplifying assumptions

are made to obtain the second parameter in terms of clastic constants and the/dimensions
of the beam and the foundation:

where

E B
k. = --'--

4( I + I',) Jl

E, = Young's modulus of foundation
v., = Poisson's ratio of foundation
B = width of beam

(2d)
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I.l = constant expressing the rate at which vertical deformation of foundation decays
with depth (Scott. 1981).

k and k I can be used to calculate the foundation pressure. p(x).

(3)

The solution ofeqn (I) may be written as

(4)

where ll'h is the solution of the homogeneous form of the equation and Il'p is a particular
integral corresponding to q(x). When dealing with the derivation of the stiffness matrix, we
need only consider the homogeneous solution

(5)

where A I-A4are constants. and rP l-rP4 are four linearly independent functions whose exact
form depends on the relative magnitude of El. k and k ,. Since the latter quantities are
rigidity parameters of beam and foundution. they are all non-negative, Thus. there are
only three possible combinations of the parameters that need to be considered. i.e. k I

larger than. equal to or smaller than J4kEf. For k I > ,,/4kEi. (P l-rP4 ure listed below:

where (X and {i are as follows:

(P I = cosh ~x cosh {Ix

(I>~ = cosh (Xx sinh {ix

(PI = sinh ~x cosh {Ix

(P4 = sinh (Xx sinh {Ix

(6a)

(6b)

(6c)

(6d)

(7a)

(7b)

Generally. k I < J 4kEl is satisfied by most physical problems. as has been noted by
others (Scott. 1981 ; Zhaohua and Cook, 1986). Therefore, most of the existing beam on
two-parallleter. foundation finite clements deal with this case only but cannot be applied
to k I > J 4kEl. However, when performing nonlinear analysis. in which the flexural rigidity
of the beam and the soil parameters can vary widely. depending on the level of stress, the
full solution of the differential equation would be needed to solve the problem. The objective
of this paper is to develop an element that would eliminate the difficulties that may arise
due to k l > J4kEl.

When k , < .j4kEI, rPl-rP4 are as follows:

rPl = cosh (Xx cos PIX

rP~ = cosh (Xx sin PIX

rPJ = sinh (Xx cos PIX

(8a)

(8b)

(8e)
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rP~ = sinh :xx sin p,x (8d)

(9)

It is possible to get the exact solution for k. = J 4kEI. but in practice accurate results
can be obtained by just increasing k. by a very small amount and then using the solution
for k I > .j4kEi. For this reason. the exact solution for k I = J 4kEl is not presented here.

In the ensuing developments. the formulation for k , > J4kEl is presented in detail. The
formulation for k , < ..../4kEI can be similarly performed. and is given in Appendix B for
the sake of completeness.

For convenience. eqn (5) may be written in matrix notation

( 10)

where matrices {l/J: .lnd [A: contain rP l-rP~ amI A I-A~. respectively. and the superscript T
denotes the transpose ofa matrix. We shall use eqn (10) to develop the exact shape functions.
stitrness matrix and nodal load vector of a beam on a two-p'lfameter clastic foundation
tinite dement.

EXACT SIIAPE HJNCTIONS

Consider the heam dement in Fig. 2. which has a length L and four degrees of
freedom /) I to f).1 at the two ends or nodes. Note that [) I and [), .Ire end displacements
while /)1 and /)~ arc end rotations. AssociateJ with the generalizeJ nod'll displacements.
: [)}. arc the gener.lli/ed nodal forces. [n. which consist of shearing forces and bending
moments. {[)} can be written as

where the prime denotes the derivative of II' with respect to x.
Substituting for I\' and its derivative from eqn (10) into eqn (II) results in:

(II )

or

(
DI) ( ID! _ 0
D, - Rr

D~ (fITr +1.Rt)

o
II
Tr

(fl Rr +IX Tt)

o
:x

Rt

(fITt + :xRr)

( 12)

{D}=[E]{A} (13)

where r = cosh 1.L. R = cosh IlL. t = sinh ':J.L. T = sinh fJL .lnd [E) is the 4 x 4 matrix in

L

Fig. ~. Elemenl eno displacements ami forces.
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eqn (11). It should be mentioned that when T is used as superscript it means transpose,
otherwise it always denotes sinh PL. Equation (13) can be solved for the unknown constants
{A:

or

{A: =: [G]{Dl. (14)

The matrix [G) =: [E) - I is explicitly given in Appendix A. Substituting for {A} from
eqn (14) into eqn (10) yields

or

where

I\'=: {N:f(D:

( (5)

( (6)

(17)

The vector: N: is a 4 x I matrix whose clemen Is arc the exad shape functions of the beam
on a two-p:lrameter el;lstie foundation linite c1emenl. It may he recalled that each shape
function descrihes the equation of the el:lstie curve when the heam is given a unit dis­
placement in the direction of one of the degrees of freedom while the relll:lining degrees of
freedom arc set e4u;11 to zero.

A typic:ll shape function corresponding to D I = I. [)! = [) I = J)~ = O. is given by

N I = G" cosh ~x cosh Ih: +G! 1 cosh :xx sinh flx +G .11 sinh :xx cosh It.\:

+G~, sinh u sinh IJx (18)

where the G'I are elements of [G]. This is in contrast to the corresponding shape function
of a conventional beam. i.e. a beam without elastic foundation. which is given by

ELEMENT STIFFNESS MATRIX

The clement still"ness m,ltrix. IS]. which rel,ltes the nodal forces to the nodal dis­
pl:lcements. can be obtained from the minimization of stmin energy functional V:

where

£/il
. kil

. k il
•V =: ~ 1\'" I\''' dx + ~ 1\'11" dx + ~~ 1\" 11"' dx.

- 0 - (J .... u

Substituting for 1\' and its derivatives from eqn (15). [S] can be written as

(19)

(20)
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i
L

IL '"L_ f ",Tf,t"} P J .. ·,Tt,·). . (,T'lT, "I[5] - E/ IN { t" {dx+k I" J I" J dx+k l J Ii' J Ii' J dx
u () 0

(21 )

where :S: is given by eqn (17) and the first and second derivatives of [N}. namely {N'}
and: ,v":. are given by

:y: = [G]T:~?':

IN'': = [G]r [cP":.

(22a)

(22b)

Hence the derivatives of shape functions are directly related to the derivatives of cP.
The latter derivatives are explicitly given in Appendix A.

Substituting for {N} and its derivatives from eqns (17). (22a) and (22b) into eqn (21)
Hnd performing the required integrations yields the stiffness matrix in explicit form:

(

5"

[5]=

Symm.

(23)

where

S" = S\1 = 2El[ex(X:- /r) ('lrt+:RT)]

. : [(X:+fI:) ~ (r:T~-t:R:)]
SI: = -,1)\.1 = -2U 2 +X If . t\ .

,')', I = 2/:'{'l(/f~ _'l~) ('fRJ; ex Tr)]

[ , . (Tt)]S'4 = -,",':.1 = -2E/ x(/f- - r) t\

S~: = '''''44 = 2El[ex('frt-t\'lR"l,)J

in which

Thc rcmaining clements arc givcn by thc symmetry of the stiffness matrix.

NODAL LOAD VECTOR

(23a)

(23b)

(23<.:)

(23d)

(23e)

(23f)

Thc nodal load vector.: r}. corresponding to a loading function. q(x). acting from
point XI to x~ of the span L. Fig. 3. is given by

{rl- = f" {N:q(x) dx.
"

For a distrihuted moment III(X) acting from x, to x:

(24)
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-- Equivalent nodal load.

Fig. 3. Equi,-alent nodal loads p,-p. corresponding to the applied loads.

{PI = r. ': {N'}m(x) dx.J,

443

(25)

We shall use the above equations to develop the nodal load vector for the most common
types of loading as illustrated in Fig. 3.

Concelliraled load Pu at x = ~

For this case eqn (22) reduces to

Substituting for {N} from eqn (17) leads to:

Concelliraled mome1lt Mu 01 " = '1
Similar to the concentrated load case. the nod.1I load vector is given by

(P} = Mu(Nl,_~

or

(D ~ M,[GI'W},..·

(26)

(27)

Trape=oidallnad acting from XI to "2
The trapezoidal load shown in Fig. 3 has magnitude ql at XI and magnitude q2 at X2'

The loading function is given by

q(X) = IIX+V

where
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q:-ql
u=---

:C: -XI

The corresponding nodal load vector is

{P} = f: {N}(ux+t·)dx.

Substituting for {N} from eqn (17).

Carrying out the integration gives

(
PI) ( W+X+Cl+h )
p..: = [G]T -Y+Z+c-d
PI Y+Z+d+c
P4 -W+X+Cl-h

where

u
W = 2i': (cosh i'X, -cosh /,X: +/,x: sinh ,x: -'lX. sinh ,x.)

b l' . h .= -., (SIO ,x: -slOh ,XI)-,

v
£I = -.,- (cosh i'X: -cosh yx.>-,

;. = a. + fl.

y = a.-fl·

(28)

(29)

(29a)

(29b)

(29c)

(29d)

(2ge)

(29f)

(29g)

(29h)

Uniformly distributed moment acting fronl XI to X2

According to eqn (24). the nodal loads for a uniform rnomemt nlo acting from point
XI to X2 is
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which. after some manipulations. yields

and where 4J 1-4J4 are given by eqn (6).

445

(30)

DEFLECTION. BENDING MOMENT AND SHEAR

In order to obtain the displacement. shearing force and bending moment at any point
along a beam. we must use the complete displacement function. w. of the beam. consisting
of the displacements WI. caused by nodal displacements {D}. plus the displacements W2.

caused by the applied loads acting on the same beam with its ends clamped. This can be
written as

(31)

where according to eqn (15)

(32a)

and

(32b)

with II'p being .1 particular integral corresponding to the transverse loading function q(:c)
and C,-C4 being constmtls of integration. It can be shown that

I k I (k~ )
II'p =kq(x) + ,,} q"(x) - k~ k

1
+kL q"'(:c) + ...

where the primes indicate derivatives of q(:c) with respect to :c. Equations (31). 32(a) and
32(b) will be used to develop explicit expressions for displacements. shear and bending
moment corresponding to some common types of loading.

Linearly wrying loacl
If we restrict our solution to the common case of a linearly varying load, then

I
\I'p = k(mx+n)

where m and n are constants defining the loading function. Therefore,

(33)

The constants {c} can be solved using the boundary conditions ofa beam clamped at both
ends. Insertion of these conditions in eqn (33) leads to
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where
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[EHc} + {J} = 0

(

n )l
'

I mJ\ --
\ J - k m~7n

and matrix [E) is the same as in eqn (13). Therefore,

or

ICl - [G) IJll ,- -( j.

Considering eqns (31 )-(34), we can writc

II' = IrpJT[G](ID:· - {J})+ l(",X+II).

(34)

(35)

Equation (34) givcs thc complctc displaccmcnt function which could be uscd to obtain the
displacement at any point along thc bcam. Thc shcar and bcnding moment arc given by
successivc diffcrcntiation of this c4uation.

Vex) = - £/11'''' +k,ll"

M(x) = - £/11'''.

(36a)

(36b)

The shear defined by eqn 36('1) is the vertical shear. The normal shear. acting normal to
the deflection line. is

Equations (35) and (36) can be written in matrix form:

k
Vex) = (- £/Ilj/"} r+k d r/>' :.r){[G]({ D} - IJ})} +-;/ m

M(x) = - E/Ir/>"lT[G](ID} - {J})

v (y) - _£/I-I."'lT I[G](.fD l _IJI.)I.
n" - ('I' j ( (( (I J'

(37)

(38a)

(38b)

(39)

Once again the derivatives of {eP} are needed in eqns (38) and (39) which can be
obtained from Appendix A. It must be mentioned that the vector {D} contains the known
values of nodal displacements obtained from the analysis.
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J::---~-}--:l
~l-----~-+_Jr (8) ,

II
(b)

Fig. 4. (a) Bcam on two-p.lr;tmctcr c1astil: foundation subjcl:lcd to con~-entratcd load and momcnt;
(b) be'101 in (a) idcalizcd as two c1cmcnts.
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COf/cef/trated load PII at x = ~

In this case the detlected shape. 11'1' will have two equations. depending on whether
.\' < ~ or x ~ ,; see Fig. 4(a). To ohtain these equations. we treat the heam as an assemhlage
of two memhers. I and II. of length ~ and (L -~) with two degrees of freedom D I and D:;
see Fig. 4(h), We set up the force displacement relationship corresponding to these two
degrees of freedom. whence

or

(40)

when:

k ll = 5 1
0 +51

,1,

k l2 == 5 114 +5'.'2

k 21 = 5~1+5~',

k 22 = S~4 +S~2

In the above the superscripts I and II denote members I and fl. and the 5" are the still"ness
coefficients of each beam clement. These can be calculated using the expressions in eqn
(21). with the provision that L be replaced by ;; for member I and by (L-~) for member
If.

Knowing D 1 and D: from eqn (40). for x < ~

(4Ia)

while for x ~ ~

(4Ib)

When evaluating N, and N 2• we must substitute for x. (x-'). or we could usc x. provided
x is measured from the point of upplication of the point load.
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C(mcentrated moment Mil at x = IJ
The procedure in this case would be similar to the concentrated load case; accordingly,

(42)

where all the symbols are as defined earlier. In evaluating kll' k~:- etc. ~ must be replaced

bY'I·
The expressions for 11"1 are the same as those given in eqns (4Ia) and (4Ib), ex.cept

again emust be replaced by '1. Knowing the expressions for 11'1, we could proceed to
evaluate the shear force and bending moment using eqns (38a) and (38b), respectively.

NUMERICAL TESTS

To check the accuracy and etliciency of the proposed formulation, several examples
were solved. Firstly, a simply supported be,lm on a two-parameter foundation subjected to
a constant line load was amllyzed using only one clement. The dellections, shearing forces
and bending moments were compared with the ex'll.:! solution given by Hetcnyi (1961). All
the results from the two solutions mat<:hed exactly. Subsequently, two beams with more
complicated loads were analyzed to demonstrate the ellieiency of the formulation. These
arc described in the following example problems.

Exanlple I
A free free beam on a two-paramcler c1asli<: foundation. shown in Fig. 5('1). was

analyzed exactly by Ilurr e( al. (1969) and by Chiwanga and Valsangkar (1988). They took

the foundation paramclers and beam rigidity sUl.:h that k I < .../4k HI and assumed that the
foundation docs not ex lend beyond the edges of the beam. The same problem is solved here
ex<:ept that the value of k I is <:hanged sUl.:h that k I > ../4k EI. Two eases arc I.:onsidered in
the present analysis. Firstly. it is ,lssumed lhal the foundation terminates at the beam ends;
secondly. the foundation is assumed to he of infinite extent. The results of the first case
were wmpared with those obtained by the foregoing authors. ACl.:ording to the method
desl.:ribed here. only one clement is required for an exal.:t analysis. Note that for the partial
trapezodialload in Fig. 5(a). the particular solution of the governing difl"crential equation
is obtained for the loaded and unloaded portions and then the requirements of detlel.:tion
and slope wntinuilY at their junl.:tures arc used to obtain the I.:onstanls of integration.

The beam loading. dimensions and malerial properties arc shown in Fig. 5('1). The
dellel.:led shape. normal shear and bending moment diagrams arc shown in Figs 5(b). 5(e)
and 5(d), respel.:tively. On the same diagrams results given by Chiwanga and Valsangkar
arc shown for eomp'lrison. We notil.:e that the maximum dellel.:tion and the maximum
bending moment for the first case arc approx.imately 40'~O less than their corresponding
values but the shear forl.:es do notl.:hange much.

If the foundation is assumed to be of infinite extent, then due to the deformations in
the part of the foundation beyond the edges of the beam. the shear at the free ends may
not generally be zero. The magnitude of this shear force is (../kk.)lI·rcnd' where Il"rond is the
vertical displal.:ement at the free end (Vlasov and Leont'ev. 1(66). This is equivalent to

having a linear spring of stilTness ../kk; at the free ends. Thus, we can usc this simple device
of a spring to account for the effect of infinite foundation beyond the beam edges. In the
computer program employed in this paper. the proper boundary condition for the free end
is automatically aCl.:ounted for. depending on the specified type foundation. The results for
this case arc also shown in Figs 5(b) -(d). It can be seen that with the introduction of an
infinite foundation the maximum displacement reduces by 50%, but the shear force and
bending moment do not change to such a large extent.
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Example 2
The continuous beam on two-parameter foundation in Fig. 6(a) is solved using the

proposed element. The analysis is performed using three elements and three global degrees
of freedom. namely rot.ttions at B. C and D. Le. D1• D2 and DJo The stiffness matrix of a
typical clement is calculated using eqn (23).



Beams on two-parameter elastic foundations 451

(

498.05

(Slelement = Symm.

Using

626.62
2131.05

-341.54
-514.45

498.05

514.45 )
659.46

-626.62 .
2131.05

we solve for the joint displacements

[S] JD~ - Jpl.
t J - t J'

(
DI) (4262.1 659.46 0.0 )_1 ( 14.09)
D2 = 4262.1 659.46 -27.90

D J Symm. 2131.05 -19.27

which yields

(

D I) ( 4.249)
D2 = -6.096 x 10- J.

DJ - 7.157

Using the displacements {D :" in conjunction with eqns (37) and (40), the deflected
shape, vertical shear and bending moment diagrams of the beam arc determined. These arc
shown in Figs 6(b)-(d). respt.'Ctivcly.

SUMMARY ANI> CONCLUSIONS

An efficient beam on a two-parameter c1.tstic foundation was derived using the exact
displacement function obtained from the solution of the governing differential equation.
This element complements existing clements of this kind. The stiffness matrix and nodal
load vector of the element were derived explicitly. and the detailed equations for the
determination of the deflected shape. shearing force. and bending moment were developed.
The accuracy and efficiency of the formulation were verified by means of numerical
examples. Based on the above. it is concluded that:

(I) Existing beam on two-parameter elastic foundation tinite elements cannot be
used for certain combinations of foundation parameters and beam rigidity in a
convenient and simple manner. to obtain the complete solution of the problem.

(2) The derivation of explicit element stiffness matrix and nodal load vector makes
the proposed element efficient and obviates the need for dividing the beam into
many elements between the points of loading.

(3) The magnitude of deflections and bending moments are significantly affected by
the value of k to and by the extent of the foundation if the beam end is free.
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APPENDIX A: ELEMENTS OF THE MATRIX [G) AND THE DERIVATIVES OF {!p}

Gil = I

G,~ = G IJ = G'4 = 0

G~l = ~(PT/+IRT)

and

The rem;lining symbuls are the same :IS in the m:lin text.
D.:rivalivcs of :,t>::
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where

A, = %~+p~

A~ = '!:zfJ

AJ = pJ+3%~p

A.=%J+3%p~.

Refer to eqn (6) in the main text for the meaning of r/J,-r/J•.

APPENDIX B: FORMULATION FOR k, < ,,4kii

Elements of the matrix [G J:

Gil = I

G,~=G'I=G .. =O

G~, = -li;(/I-",-/_~~R' T~)

.% (T")(,~. '" - 11,6,

where

R, = sin P,L
T, = sin P,L

The remaining symbols are the same as in the main text.
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Derivatives of : tP: :

where

A. G. RAZAQPL:K and K. R. SHAH

A, = :r.~-Ili

A. = 2:r.p,
A, = -11:+3(1lp,
AM = :r.-'-3:r.P;.

Refer to eqn (R) in the main te~t for the meaning of "',-tP•.
Element stiffness m..tri~:

FormuhlC of nodal load vectors for all cases. except trapczodial loading. are the same as those given in the
m:lin tcxl. The nudaI load vector for trapczoidalloading can be: evaluated by integrating eqn (28). It is to be noted
that for evaluating nodal load Vl.:ctors. the appropriatc IG) and {tPl matrices must be used.


